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The distribution theory for L(p, q, t) as well as its generalization is
discussed in some detail by Anderson (1958), using slightly different notation.
His U(p, q, no) = L(p, q, no ~ is notsymmetric in p andq.The fol lowing
identities will be useful for obtaining some exact F tests.

L(p, q, t) --- L(q, p, 

L’/"(2, q, t) = L(1, 2q, 2t - 2),

1 -- L(1, q,t) = q. F(q,t-- q).
L(1, q,t) t-- 

If either p or q = 1 or 2 an exact F test is possible.
As an example, take the case of a set of q measurements on each of two

groups and the hypothesis of no discrimination between the groups, or
equivalently, equality of mean vectors. Then p = rank $11 = k - 1 -- 1
and the R matrix has only one root. Then A = 1 -- h is distributed as L(1, q, t)
and

1 -- L ~ q F(q,t- q),

allowing an exact F test. This can be expressed in terms of the distance
between groups. Let

n

where

= - -
is a measure of the distance between groups, then

X n~n~ d~ = q F(q, t - q)
(8.2)

1 -)~ - u = n t- q

(ttotelling, 1931).

Partial Independence

Given three sets of variates x (p X 1), y (q X 1) ~nd z (r X 1), 
the combined SP matrix for x and y about their regression on z is

The partial canonical correlation m~trix of x ~nd y conditionM on z is

rr-~rr r~-~U

The ]~rgest root of R~= is the squ~red p~rtial canonical correlation of x
snd y conditional on z, p~ (x, y) [ z. The fol]o~ng ideatity may be established,
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(8.4) I -- Rx(y.,~ =- (I -- Rx~)(I - R~y,~).

Tests of partial independence evaluate the hypothesis that the population
partial canonical correlations are all zero. Some examples of hypotheses
of partial independence are:

1. A subset z of the variates (y, z) is sufficient to account for the
association with x or the discrimination between groups.

2. One or more hypothetical discriminant functions (coefficients
determined by considerations external to the data) account for
the discrimination between groups.

3. A subset of the variates (or groups) have equal canonical weights
(or mean vectors).

The likelihood-ratio test of partial independence is

(8.5)

distributed as L(p, q, t - r). The test will be exact when either x or y has
a multivariate normal distribution about its regression on z.

For example,

[I - Rx~,] = n(p, q, t -- r)

gives a test of the hypothesis that the subset z (r X 1) of (y, z) [(q + r) 
is sufficient to account for the association with x (p X 1). Hypotheses of the
sufficiency of one or more hypothetical discriminant functions are equivMent
to the above hypothesis. Consider the two sets of variates x (p X 1) and
v [(q + r) X 1] and the hypothesis that the hypothetical variates z (r X 
M~v account for the association or discrimination when x is a vector of
pseudo-variates. We can define a set of variates y (q X 1) -- M~v such that

is a nonsingular transformation, otherwise y is arbitrary. Then

and

ch

The test for sufficiency of the hypothetical variates z is then

distributed as L(p, q, t - r). For a single hypothetical discriminant function
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z = m’v and two groups, R~, and R,, are of unit rank with nonzero roots
and ¢(z), respectively. Then

1 - x(v)
1 - ¢(z)

is distributed as L(1, q, t - 1), 

~ - ~ - q .... F(q, t -- 1 -- q).1--)~ t-l--q

When expressed in terms of the distance functions d~2(v) and d~(z) this
becomes

(8.6)

where

d, 2(v) 
n

+- d 2(z)
n~n~

(Fisher, 1940). By taking

t-l-q
F(q,t- 1 - q),

Ira’(v, - v2)]2
d~(z) = m’Wm

IvIl
1 ’Vli

we obtain a test of the hypothesis that the variates in the set VII have equal
canonical weights.

Rank or Dimensionality

When the canonical variates are estimated from the data, a test of
sufficiency is equivalent to a test of the rank of the population counterpart
of R. Tests of rank evaluate the hypothesis that the first r significant estimated
canonical variates or discriminant functions are sufficient to account for
the association or discrimination between x (p X 1) and y (q >(1). Bartlett
(1941) has suggested that after the elimination of the association due 
the first r canonical variates, from the symmetry between the two sets of
variates, the residual determinant

(8.7) A(p -- r, q -- r) 

~ distributed approximately as L(p - r, q - r, t - r) in large samples.
This test of rank does not apply to categorical data under the bivariate

normal assumption since the residual population roots will not be zero
unless the largest root is zero. A test of goodness of fit for the bivariate
normal model based on the first component would be more ~ppropri~te.
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Largest Root and Trace Criteria

There are two other useful test criteria. If II - RI is distributed as
L(p, q, t) then kx , the largest root of R has the largest-root distribution.
The marginal distribution of the largest sample root has been determined
by Roy (1945) from the joint distribution of all the roots. Upper percentage
points of this distribution have been computed by Heck (1960). This criterion
is most appropriate as a test of the significance of a single canonical variate
or discriminant function since it will tend to have greatest power against
the alternative of unit rank, for a fixed value of the sum of the population
roots¯

Since all the roots of R lie within the range from zero to one, the expansion

1 2

will be valid with probability one for all roots, and

(S.8) --log, II-R[ = trR q- ½trR’ q- ~trR e q- ....

Under the null hypothesis, as n -* ~,

-nlog, II-Rl-~ntrR

which will be asymptotically chi square with pq df. Using the trace criterion
in the test of independence for a k X l contingency table,

n tr R = n tr (S~ S~S~ S~) = n tr (JD~N~D~XN:~)

_ D_I D_I ~. n~-ntr( ~ N12 ~ N21J) = - 1
~,~., . \n~ni(S.9)

n

is distributed as chi square with pq = (k -- 1)(l -- 1) dr. This is the familiar
chi-square test of independence in contengency tables (Williams, 1952).

Independence Ior Several Sets o] Variates

If there are m sets of variates x, , each set with a multivariate normal
distribution, then the hypothesis of the simultaneous independence of all
m sets of vanates~s equivalent to the hypothesis that all the generalized
canonical correlations,

p,(x~l, x~ , -.- , x~) ~/" -- 1
m--l’

are zero. The likelihood-ratio criterion
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i

is distributed as L(p, l) = L(pl , p~ , ... , p,~ , O, generalization ofL(p, q,
symmetric in all the p~ . The moments of the distribution of L(p, t) were
found by Wilks (1935) and a series expansion for the ~stribution by Box
(1949). The ~st term of the series provides a good approximation to the
exact distribution. Let p = ~ p~ ,

~) = ~-- ~p~),

M= 1 ,

then -M log, L~, t) is approximately chi squ~re with g(p) 

Partial Independence ]or Several Sets o] Variates

Let S,~ be the SP matr~ of the vector variate

x’ (1 X p) = [x~ x~ ... x~]

about its regression oa z (r X 1). Then the generalized partial cano~cal
correlation between ~he m sets x~ conditional on z is

(8.11) p(x, x~, ... x~ ~z) ~- 1, , m~l~

where ~ is the largest root of (S,~)~S~ . A test of purtiM independence
evaluates the hypothesis that z accounts for all of the association between
the m sets or that all the generalized partial canonical correlations ~re zero.
When x has a multivariate normal distribution about its regression on z,
under the n~l hypothesis

is distributed L(p, - r).

Hypothesis oI Rank in Common-Factor Analysis

The commo~-f~ctor ~nalysis model assumes there exists a set of r
variables f that account for the association between the observed variables
Let f be aa arbitrary set of l~tent wri~bles. With no loss of generality the
latent wri~bles f ~re required to be uncorrelated with unit variance. Then

S=,, = S(I- R:~) = S 

Letting S,. = L, then
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(8.12) S~I, = S - LL’.

Under the hypothesis of the independence of the observed variables x about
their regression on f,

is a diagonal matrix. It follows that if r latent variables are sufficient, then

(8.13) So = U + LL’.

If U and L are maximum-likelihood estimates under the model (8.13), then

(8.14) [S;’SI = IU-’(S- LL’)I =

is the likelihood-ratio test statistic for the hypothesis that r factors are
sufficient. Fdr large samples -n log, ~U-’(S - LL’)[ is distributed approxi-
mately as chi square with ~[(p -- r) 2 - p -- r] degrees of freedom (Lawley,
1940). The criterion is not distributed as L(1, 1, ... , 1, t - r) becauso
the regression variables f have been estimated from the data.

General Trace Criterion

All the tests we have considered may be regarded as hypotheses on
the structure of a covariance matrix, Ho: Z = Zo . The likdihood-ratio
criterion is in each case of the form

~nd from ~he theory for such tests (see Wilks, 1938b), i~ is known th~
--n Iog~ {S~’S~ is ~symptotica]]y chi squ~re with degrees of freedom, v, equal
to the number of independen~ parameters in ~ minus the number of inde-
penden~ p~rameters in ~o ¯ Under the null hypothes~s
S ~ (I/n)~o , so tha~ for su~ciently larg~ n the conditions 0 < ~ < 
will be vMid for ~ll roots of S~’~ with probability ~pproach}ng one. Under
these conditions the expansions

for ~ll ~ , and

(8.16) -log, ]Sj’S] = tr (I 

+ ~ tr (~ - S~’S)~ + ~ tr (~ - S~’~~ + ..-

will be v~lid. The ~st term vanishes for m~ximum-l[kelihood estimates

-n log, ~S~’S[ ~ ~ tr (I 

which ~l be asymptoticMly chi squar~ with ~ degrees of freedom.
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For a test of the independence of m sets of variates So = Sd and

(8.17) ~ tr (I - S~’S)2 = n ~ tr R,

is distributed as chi square with g(p) -- ~’.~<; p~p~ degrees of freedom,
where R, is the canonical correlation matrix between the ith and jth sets.
The separate chi-square tests of independence between two sets are pooled
to obtain the over-all criterion.

The determinantal criterion (8.14) for a test of the sufficiency of 
factors may be replaced by a trace criterion. Let E = S - LL’ be the matrix
of residuals after the removal of r factors. The likelihood-ratio criterion

--n log, IU-I(S - LL’)I

is approximately equal to

2
n

(8.18) ~tr [I -- U-I(S - LL’)] ~ = n ~ e,
i<i UlUf

which is asymptotically chi square with ½[(p - r) ~ - p - r] degrees of
freedom.

APPENDIX A

Canonical Factor Analysis of Intercorrelations Between
Personality Characteristics and Occupational Preference

To investigate the importance of personality characteristics in the
determination of occupational preference, K. J. Jones (1965) administered
the Guilford-Zimmerman Temperament Survey and an occupational pref-
erence inventory based on Roe’s occupational categories to a small group
of high school students. Canonical factor analysis was applied to Jone’s
data to provide an example of this method. To reduce the amount of compu-
tation, only four of the eight Roe categories were used:

1) business contact,
2) technology,
3) outdoor,
4) general cultural.

For the same reason, only five of the ten G-Z scales were included:

5) social,
6) emotional stability,
7) obiectivity,
8) thoughtfulness,
9) personal relations.
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Four occupational factors were in this way paired with four personality
factors.

TABLE A1
Matrix of Intercorrelations

1 2 3 4 5 6 7 8 9

1 1.00 .00 --.14 .09 .08 .03 --.10 --.16 --.15
2 .00 1.00 .43 --.37 --.19 .09 .05 --.17 .01
3 --.14 .43 1.00 --.15 --.22 .18 .12 .08 .15
4 .09 --.37 --.15 1.00 --.08 --.09 --.22 .06 --.30

5 .08 --.19 --.22 --.08 1.00 .24 .22 --.36 .22
6 .03 .09 .18 --.09 .24 1.00 .71 .13 .57
7 --.10 .05 .12 --.22 .22 .71 1.00 .12 .53
8 --.16 --.17 .08 .06 --.36 .13 .12 1.00 --.20
9 --.15 .01 .15 --.30 .22 .57 .53 --.20 1.00

TABLE A2
Canonical Weights

A C

I II III IV I II III

1 .46 .08 --.30 .83 5 --.41 .92 --.28
2 .82 --.42 --.35 --.70 6 .92 --.37 .43
3 --.32 --.65 .56 .70 7 --.30 --.29 --.63
4 .73 .30 .68 --.32 8 --.78 .42 .78

9 --1.02 --.30 --.05
.56 .38 .22 .16

TABLE A3
Factor Matrices

L K

.43

.96
-- .72

.31
.24

I II III IV I II III

.54

.48

.01

.49

.19 --.34 .71 5 --.20
--.78 --.30 --.31 6 --.07
--.83 .48 .27 7 --.37

.55 .68 --.08 8 --.35
9 --.58

.55
-- .48
-- .46

.06
--.55

--.60
-- .01
--.32

.87
-- .36

.45

.74

.23

.14

.44
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APPENDIX B

Discriminant Analysis Applied to Ratings of Morris’s "Ways to Live"

During a world tour Morris asked six groups of college students to
indicate their preferences for thirteen "ways to live." The six student groups
participating were: U. S. (white), U. S. (negro), India, Japan, China (pre-
communist), and Norway. The list of "ways to live" is as follows.

1. Refinement, moderation, restraint; preservation of the best attain-
ments of man.

2. Self-sufficiency, understanding of self; avoidance of outward activity.
3. Sympathy, concern for others; restraint of one’s self-assertiveness.
4. Abandonment, sensuous enjoyment of life; solitude and sociality

both are necessary.
5. Energetic, cooperative action for the purpose of group achievement

and enjoyment.
6. Activity; constant striving for improved techniques to control

nature and society.
7. Flexibility, diversity within self; accept something from all other

paths of life.
8. Carefree, relaxed, secure enjoyment.
9. Quiet receptivity to nature yields a rich self.

10. Dignity, self-control; but no retreat from the world.
11. Give up the world and develop the inner self.
12. Outward, energetic activity; use of the body’s energy.
13. Let oneself be used; remain close to persons and to nature.

Discriminant analysis was applied to Morris’s data by L. V. Jones
and R. D. Bock (1960) and their results are summarized in Tables B1 through
B5. One "way" was omitted from the analysis because of an error in trans-
lation into Chinese.



TABLE B1
Between-Groups Crossproducts Matrix, B

Way 1 2 3 4 5 6 7 8 9 10 11 12

1 28.22
2 -3.37 71.27
3 1.79 56.22 67.73
4 1.58 -1.53 -15.02 9.82
5 .64 -13.91 6.15 -6.16
6 16.86 -8.80 8.97 -4.51
7 29.65 -37.12 -34.28 5.38
8 11.61 -25.37 -18.14 -1.22
9 -4.56 70.91 48.38 4.36

10 42.34 27.88 32.72 2.58
11 9.41 61.02 46.78 2.41
12 7.36 -5.03 6.42 -6.09

51.58
23.59 25.70

-14.46 7.89 59.14
-3.34 3.54 29.42

-22.83 -10.43 -37.40
8.95 32.87 18.73
3.73 .95 -23.26

.38 7.82 8.86

17.72
-29.13 79.48

--.78 29.96 89.92
-18.89 55.73 44.31 69.60

6.23 -7.47 8.36 -6.44 7.55



TABLE B2
WiLhin-Groups Crossproducts Matrix, W

Way 1 2 3 4 5 6 7 8 9 10 11 12

1 637.11
2 113.30 743.69
3 175.56 61.89 688.05
4 -4.72 107.79 -49.93 824.85
5 20.32 -178.91 109.77 42.08
6 .44 -29.12 30.60 3.65
7 .56 44.47 -18.34 142.24
8 50.71 32.93 7.43 214.72
9 55.40 185.50 94.19 62.86

10 153.84 122.69 133.30 -115.66
11 38.54 236.74 79.96 17.55
12 4.70 12.21 73.61 44.34

830.32
195.16 638.44

-22.61 7.89 786.57
11.31 -20.52 131.96

-77.43 -77.79 67.27
17.19 91.17 1.90

-109.75 -29.65 67.92
169.21 197.63 -48.04

927.45
110.58 608.76

-89.30 37.13 849.38
36.56 182.66 125.13 690.77
9.98 10.40 63.90 -6.85 797.38
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TABLE B3
Discriminant Function Weights, A

Way al as a3 a4

1 .013139 .013618 --.002754 .003038
2 --.014712 --.004098 .000487 --.006875
3 --.015051 --.000774 .001093 --.028165
4 --.001095 .003030 --.003466 .016797
5 --.004946 .001029 .027915 .008204
6 --.000457 .011249 .005901 --.004736
7 .016187 .008244 --.008534 --.005995
8 .007683 .000912 .002130 --.009582
9 --.018562 .003452 --.017691 .011624

10 .001343 .023713 --.002583 .003899
11 --.008339 .010496 .012308 .010210
12 .005681 --.001607 --.007641 --.011609

TABLE B4
Group Mean Scores on Canonical Variates

Canonical Variate
Group 1 2 3 4

1 U.S.w .5669 3.8803 .3521 --1.3281
2 U.S.n .6105 4.4896 .7844 -1.5961
3 India --.3245 4.8085 .6591 -1.7434
4 Japan --1.0336 4.1608 .6359 --1.2574
5 China -.2183 3.6052 1.0256 --1.8301
6 Norway -.3537 4.0315 .0750 --1.9074

Variance .3243 .1553 .0927 .0598

TABLE B5
Intergroup Distances

Group U.S.w U.S.n India Japan China Norway

U.S.n .6319
India 1.9229 1.0133
Japan 2.7258 2.9479 1.1591
China 1. 3978 1. 5820 1. 6010
Norway 1.2827 1.7397 .9727

1.4533
1.2161 1.1097
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APPENDIX C

Canonical Scoring o] Ratings o] Social Class Membership by Nationality

In his study of the social structure of "Elmtown," Hollingshead (1949)
asked a group of raters to classify families into groups according to prestige
in the community. Table C1 is a classification of the adolescents of the

community according to their families’ social class and nationality. A group
labeled "American" has been omitted. The scores assigned to the class
categories should conform to the assumed order of the class structure. The

optimum scoring compatible with this constraint assigned the same value
to the first two social classes. This indicates that in this case a distinction
between the first two social classes does not contribute to the discrimination.
The same results would be obtained by combining classes 1 and 2 and ignoring
the order constraint.

TABLE C1
Frequency of Class Membership by Nationality

Social Class

Nationality 1 2 3 4 Total

Norwegian 4 46 68 35 153 .43
Irish 2 30 50 20 102 .58
German 2 16 40 21 79 -. 20
Polish 0 0 13 20 33 - 3.25

Total 8 92 171 96 367

~ 4.59 4.59 .54 -5.72 p -~ .28
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